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Fig. 4 De� ection history for laminated cantilevered beam.

which, in terms of Lamé constants, is
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When the preceding procedure is followed and the CP used, the
de� ection at x D 0 is given as
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where d is a constant and g.s/ and p.s/ are polynomials. The
constants ®k are the roots of p.s/ D 0 with ®1 D 0. For a sample
calculation (using properties obtained from Ref. 5, with the sub-
script 1 representing the compositeproperties and 2 being the balsa
wood properties), the solution is shown in Fig. 4: E1 D 4E6 psi
(27.6E9 Pa), E2 D 10E3 psi (68.9E6 Pa), º1 D 0:14, º2 D 0:011,
¿11 D 5 s, ¿12 D 2:5 s, ¿21 D 1:0 s, ¿22 D 0:5 s, and °1 D 1:667E¡8 psi
(0.11E¡3 Pa).

Conclusions
A study has been undertaken to determine the viscoelastic

parameters by using the CP. The CP was applied to the elastic solu-
tion for the de� ection of a cantileveredbeam to obtain the resulting
viscoelasticequation.The Kelvin–Voigt model was then used to ex-
press Lamé constants in terms of the viscoelastic parameters. The
equation was Laplace transformed to express the de� ection equa-
tion in terms of length and time. The resulting equation was then
plotted and adjusted to � t curves obtained from previous studies.5;7

From the curve � tting, the viscoelastic parameters were extracted.
Further work in this area will produce experimental results that

will be used to determine the viscoelastic constants, and these will
then be con� rmed by the use of the CP. The main attraction of this
method is that the extracted viscoelastic constants are determined
only once and then can be used in the analysisof more complicated
structures as long as the same material system is used.
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I. Introduction

T URBULENT � ows are known to be sensitive to streamline
curvature. It is also clear that linear eddy-viscosity turbulence

models (EVMs) are completely insensitive to the effects of stream-
line curvature.On the other hand, differentialReynolds stress mod-
els (RSMs) are able to capture these effects. However, RSMs have
notbecomea standardtool in practical� uid-� owsimulations,owing
to theircomplexity,largecomputationalwork load,and typicallyun-
favorableeffect on numerical stability.Therefore, explicit algebraic
Reynolds stress models (EARSMs) have become increasinglypop-
ular during recent years.EARSMs are two-equationmodels sharing
much of the computational manageability of the EVMs while par-
tially retaining the more realistic physical backgroundof the under-
lying RSM. However, the sensitivity to the streamline curvature is
partially lost through the weak-equilibriumassumption invoked to
derive algebraic RSMs. It has been shown by several authors that,
in principle, this de� ciency can be alleviatedby assuming the weak
equilibrium in a suitable curvilinear stream-following coordinate
system.

The algebraic RSM (ARSM) formulation for curved � ows will
be revisited. This is to show how the weak equilibrium assump-
tion can be invoked in a suitable curvilinear coordinate system to
minimize approximately the resulting error for curved � ows. Such
approximationsare proposed in the literature based on the rotation
rate of 1) the velocity vector,1 2) the acceleration vector,2;3 and
3) the principal system of the strain-rate tensor.3¡6 The � rst ap-
proach is, in principle, not fully generalizablebecause of its lack of
Galilean invariance.

The purpose of this Note is to show that the accelerationmethod
is also generally invalid. The observed singular behavior of the ac-
celeration method is discussed in general, and its failure is numer-
ically demonstrated in a plane duct � ow including a 180-deg bend
with a small radius of curvature.7;8 The behaviorof the acceleration
method will be compared with that of the strain-rate and velocity-
based methods.
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II. ARSM Formulation for Curved Flows
A general quasilinear RSM written for the anisotropy tensor

a D ai j D u i u j=k ¡ 2
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S and X are the strain-rate and vorticity tensors, that is, the sym-
metric and skew-symmetricparts of the velocitygradient.Turbulent
time scale is ¿ D k=", and A0; : : : ; A4 are the RSM coef� cients.

The corresponding ARSM is obtained in the weak equilibrium
limitwhere the left-handside of Eq. (1) is ignored, that is, the advec-
tion and diffusion of a are dropped. Note that the effect of ignoring
the advection term Da=Dt dependson the choice of coordinatesys-
tem for representing the components of a.

As suggested by, for example, Rodi and Scheuerer,1 and later
pointed out by Girimaji,2 Gatski and Jongen,5 and Wallin and
Johansson,3 the best ARSM for curved � ows is obtained by ig-
noring the anisotropyadvection in a suitable curvilinear coordinate
system that follows the � ow in some sense. To understand this, let
us � rst consider the advection of a in any curvilinear coordinate
system. Consider the anisotropy tensor transformed into the curvi-
linear system TaTt , where T is the transformation matrix from the
inertial Cartesian backgroundframe to the curvilinear system. Note
that the transformationmatrix varies in space.Next, we take the ma-
terial derivativeD=Dt of TaTt and transformit back to the Cartesian
background frame as shown by Wallin and Johansson3 in a manner
similar to that of Gatski and Jongen5:
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When the following notation is used,
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the material derivative of a can be expressed as
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In principle,the optimalARSM can be obtainedby droppingonly
the differential part of the material derivative, Tt [D.TaTt /=Dt]T.
The latter term in Eq. (4) can be included in the ARSM, in fact,
by only modifying the vorticity tensor because X .r / is of similar
tensorialformas X (skewsymmetry).Rede� ning thevorticitytensor
as

X ¤ D X ¡ .¿=A0/ X
.r/ (5)

corresponds to assuming the weak equilibrium in the given curvi-
linear system. The vorticity modi� cation owing to curvature X .r/

is related to the rotation rate vector !.r / of the local basis of the
curvilinear system by Ä

.r/

i j D ¡²i jk !
.r /

k .

III. Proposed Methods
The problem of formulating a suitable ARSM for � ows with

streamlinecurvatureis now reducedto � nding a suitable curvilinear
system in which the weak-equilibriumassumption is best satis� ed.
In principle, the optimal system is such where the ignored term,
T t [D.TaTt /=Dt ]T, in Eq. (4) is minimized. Such an optimal coordi-
nate system that really minimizes the effect of the weak-equilibrium
assumption cannot be found in closed form within the framework
of EARS modeling. Instead, a suitable approximation for it must
be found. The methods proposed in the literature are discussed
hereafter.

A. Streamline Coordinate System
Rodi and Scheuerer1 used the streamline system in their curved

boundary-layer computations. In computations of more general
� ow� elds, this means equating !.r/ with the rotation rate of a lo-
cal basis attached to the velocity vector in the selected coordinate
system. Galilean invariance,which is commonly required from rig-
orouslyderived turbulencemodels, is not satis� ed. Therefore, other
alternatives have been proposed by various authors to replace the
streamline system.

B. Acceleration Coordinate Systems
Girimaji2 proposed using a local frame that follows the accel-

eration vector PU D DU=Dt . This is motivated by acceleration be-
ing a Galilean invariant quantity. Girimaji only discussed two-
dimensional applications. More recently, Wallin and Johansson3

proposed an approximate method for three-dimensional� ows

!.r/ ¼ !.W¡J/ D
PU £ Ü
PU ¢ PU

(6)

Although not pointed out by Wallin and Johansson,3 Eq. (6) can
easily be shown to be equal to the exact form in two-dimensional
mean � ows. Therefore, the behavior of the acceleration basis is
studied using Eq. (6) in this Note.

In circular � ows, the acceleration vector is orthogonal to the ve-
locity vector. Therefore, the rate of change of the accelerationbasis
equals the rate of change of the streamline basis in a � xed back-
ground frame. Thus, ARSM derived in the acceleration frame is
equal to the one derived in a streamline frame, provided that the
velocity of the background coordinate system is chosen so that the
� ow is circular. Girimaji2 stated that every � ow can be considered
as locally circular because a suitable Galilean transformation can
be made for the local frame to arrive at locally circular � ow, that
is, to make the velocity and acceleration vectors orthogonal. The
purpose of this Note is to point out the central failure behind this
reasoning. That is, although the � ow may formally be seen as lo-
cally circular from a certain acceleration basis, it does not imply
that such acceleration system is suitable for the weak-equilibrium
assumption. As a matter of fact, the acceleration basis may behave
in a very wild manner and even become singular in certain circum-
stances. The velocity and the radius of curvature of locally circular
� ow correspond to the rotation rate of the local acceleration basis.
Singularity formally corresponds to the limit of the in� nite rotation
rate of the acceleration system and, thus, the vanishing radius of
curvature of the locally circular � ow in that system.

As an example, let us consider a slightly curved � ow that is � rst
acceleratingand then, at a certain point, begins to decelerate(or vice
versa). If the radius of curvature of the streamlines is large enough,
the velocity and the acceleration vectors are almost aligned with
each other. This is a typical situation in � ows over slightly curved
surfaces, for example, on the upper surface of a wing. If the radius
of curvature is roughly constant, the basis of the curvilinear system
should also change at about constant rate. The acceleration basis,
however, singularly turns about 180 deg at the location where the
streamwise acceleration changes its sign. In contrast, there is no
reason for the anisotropy components to change rapidly in such a
situation.

Starting and ending curvature are further examples of singulari-
ties of the accelerationbase.At the very instantwhen a � uid particle
enters or exits any curved part of a streamline, the accelerationvec-
tor immediately rotates to a new orientation, which may be almost
orthogonalto its former orientation.Also, the anisotropytensormay
possiblychange its orientationquite rapidly in this kind of situation,
but hardly as fast as the acceleration vector.

C. Principal Axes of the Strain-Rate Tensor
Spalart and Shur proposed using the rate of change of the strain

rate tensor PS as a measure of the rotation and curvature effects with
the aim of correcting EVMs.4 The rationale, in two-dimensional
� ows, was to identify the rate of change of the direction of the
principal axes of the strain rate tensor D®=Dt. This measure gives
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the rotation rate !
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i in the direction normal to the plane of the
� ow as
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This measure for two-dimensional mean � ows was also derived
by Gatski and Jongen.5 It is expected to model the rotation rate of
the optimal system quite well becausethe material derivativesof the
strain-rateand anisotropytensorsare typically rather closely related
with each other in the weak-equilibrium limit where a D f .S; X /
and, furthermore, the leading term of anisotropy is directly propor-
tional to S. Based on this reasoning, Eq. (7) is expected to be the
best available approximation for !

.r /

3 . It is Galilean invariant, and,
very recently, Wallin and Johansson derived a new, general strain-
rate based method that reduces to Eq. (7) in two-dimensional mean
� ows.3 They also showed that the original three-dimensionalexten-
sion of Eq. (7) proposed by Spalart and Shur4 is inconsistent with
helical � ows where the axial velocity component varies with the
radial coordinate.

IV. Numerical Example
Flow in a 180-deg U-duct7;8 is an illustrativeexample containing

local � ow situations where the acceleration basis behaves unfavor-
ably and even goes singular. First, an a priori test of Eqs. (6), (7),
and the streamline method is performed. A priori means here that
the rotation rate !

.r /

3 is evaluated from a frozen � ow� eld computed
using the noncorrectedEARSM of Wallin and Johansson.9

The !
.r/

3 distributionsare shown in Fig. 1. The plots reveal signif-
icant differencesbetween each method. The angular velocity of the
acceleration vector locally obtains of the order of 100 times higher
values than what Eq. (7) gives near the end of the curved duct.
Furthermore, an unexpectedarea of relatively high negative (clock-
wise) rotation is observed downstream of the bend in an area with
almost zero curvature. This is where the acceleration vector sud-
denly turns around. Surprisingly, the acceleration system behaves
quite smoothly in the beginning of the curvature.

Next, the � ow� eld is really computed using the curvature correc-
tionson the same EARSM. As expected,theaccelerationmethod (6)
overestimates the curvature effects so strongly that no steady-state
solution can be obtained. Instead, the � ow tends to oscillate owing
to the strong laminarizing in� uence of high !

.r/

3 . The strain-rate
method (7) and the streamline method allowed the solution to con-
verge, although the convergencerate slows down remarkablyowing
to the reduceddampingeffectof the turbulencemodel.The predicted
!

.r/

3 distributionsare also presented in Fig. 1. The exaggeratedeffect
of the acceleration method ampli� es itself, mostly near the end of
the curved duct, resulting in much higher values of !

.r/

3 than those
observedin thea priori test.UnlikeEq. (6), the strain-ratemethod(7)
and the streamline method predicted quite similar !

.r /

3 distributions
to those seen in the a priori tests.

A detailedcomparisonof the computed results with experimental
data is beyond the scope of this Note. The effect of the curvature

Fig. 1 A priori test (upper row) and actually predicted rotation
rate !

(r)
3

(lower row) according to the streamline method (left), the
acceleration method (6) (middle), and the strain-rate method (7) (right);
the � ow direction is from up to down.

corrections in the results is being assessed at the time of preparing
this Note.10

Given these observations, no generalizability can be expected
from any curvature corrections based on the coordinate system at-
tached to the acceleration vector.

V. Conclusions
The ARSM formulation for curved � ows is revisited. This is to

showhow theweak-equilibriumassumptioncan be invokedin a suit-
able curvilinear coordinate system to minimize approximately the
resulting error for curved � ows. Such approximationsare proposed
in the literature based on 1) the streamline system, 2) the acceler-
ation system, and 3) the strain-rate system. The � rst one of these
has not been commonly accepted because of its lack of Galilean
invariance.

The central idea of this Note is to show that the acceleration
method is also generally invalid. The observed singular behavior
of the acceleration basis is discussed in general, and its failure is
numerically demonstrated in a plane U-duct � ow. The behavior of
the acceleration method is compared with that of the strain-rate
and streamline based methods. The strain-rate based method shows
promising behavior.
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